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Logarithmic Sobolev Inequalities
and Stochastic Ising Models
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We use logarithmic Sobolev inequalities to study the ergodic properties of
stochastic Ising models both in terms of large deviations and in terms of con-
vergence in distribution.
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1. INTRODUCTION

The theme of this article is the interplay between logarithmic Sobolev
inequalities and ergodic properties of stochastic Ising models.

To be more precise, let g be a Gibbs state for some potential and sup-
pose {P,:t>0} is the semigroup of an associated stochastic Ising model.
Then {P,: >0} determines on L*(g) a Dirichlet form &%. A logarithmic
Sobolev inequality is a relation of the form

f2
(LS) [ /log—r—de<as®(ff).  fel¥(g)
”f”LZ(g)

for some positive « (known as the logarithmic Sobolev constant). In this
article we discuss some of the implications that (L.S.) has for the ergodic
theory of the stochastic Ising model.

In Section 2 we discuss ergodic properties from the standpoint of
large-deviation thoery. In particular, we introduced and compare rate
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functions with which one might hope to measure the large deviations of the
normalized occupation time functional. The discussion here is quite general
and does not rely on our having (L.S.). Even so, we are able to draw the
following qualitative conclusion: given any closed set /" of nonstationary
states, the probability that the normalized occupation time functional up to
time 7 lies in I" goes to zero exponentially fast as T'— oco. Obviously, this
result is more interesting in cases when one knows that the only stationary
measures are Gibbs states. Utilizing the ideas developed here, we reprove
here the result that in dimensions one and two this is the case.

Section 3 begins our use of (L.S.). In the first place, we show that a
complete large-deviation princple follows from (L.S.). Second, (I.S.)
provides us with a way to estimate the size of large deviations. Finally, we
provide a condition under which one can prove not only that (L.S.) holds,
but also that there is precisely one stationary measure.

In Section 4 we begin by showing that (1.S.) plus uniqueness of g
implies that shift-invariant initial states converge to g at an exponential
rate at least 2/a. Noting that (L.S.) implies that

H P rde H <exp(—2i/a)

L(g)

f—|1de

L?(g)

we see that this rate is the same as the one we would predict from spectral
considerations.

Because we only know a few very special situations in which (L.S.)
holds, we study in Section 5 what can be daid if our Gibbs state is very
mixing and a logarithmic Sobolev inequality holds for each finite-dimen-
sional conditional with a logarithmic Sobolev constant that tends to oo at
a certain rate as the size of the system grows. We find that the type of con-
vergence proved in Section 4 (under (L.S.) still occurs, only now at a sub-
exponential rate (depending on the behavior of the logarithmic Sobolev
constants for the finite-dimensional conditionals). Section 6 i1s devoted to
the application of Section 5 in the case of one-dimensional Ising models. In
this case we find that the above convergence rate is exp(—y¢/logt) for
some y > 0.

It should be noted that although we have restricted ourselves here to
Ising models with continuous spins, much of what we do applies to any
situation in which the appropriate logarithmic Sobolev inequalities are
available. Thus, the results of Sections 5 and 6 apply equally well to most
Ising models with compact spin states. However, at the present time, the
only interesting examples of models for which (L.S.) holds are continuous-
spin-state models.
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2. RATE FUNCTIONS AND LARGE DEVIATIONS
FOR INTERACTING SYSTEMS

Although many of our results are true in more general context, for the
sake of definiteness we will restrict our attention to the setting described
below.

(M r) is a compact, oriented, C*-Riemannian manifold of dimension
N and A denotes the associated normalized Riemannian volume element
on M.

E=M# is given the product topology and # denotes the Borel field
By over E. Given #A<Z", E,=M", ne E—n, ek, is the natural pro-
jection of E onto E,, and 4, is the inverse image under # —#, of the
Borel field %,,. Also, if pe M,(E) [the space of probability measures on
(E#)] and O # A< Z”, then u, denotes the marginal distribution of u on
E, [ie, [, ¢ dug={d(n,) pldn) for all g B(E,)]. Given F#AccZ®
(ie., 4 is a finite, nonempty subset of Z*), C¥(E) denotes the inverse image
under  —» #n, of C*(E,). Finally,

DE)=\J {CHE): B AccZ")

A potential . is a family {J.: & # Fc < Z"} of functions Jy€ CP(E).
We will always assume that .4 has finite range R: Jp=0 for Fc < Z, with
the property that

max{|k—1I] = max lk;— 1|, k,le F} >R

and we will use 4,, n>0, to denote {keZ”: |k|<nR} and 04,, n=1, to
stand for 4,\4, _ . In addition, we will always assume that J is bounded in
the sense that, for each m >0, all derivatives of J up to order m are boun-
ded independent of F << Z*. Finally, we will often assume that J is shift-
invariant, Jp, ,=J o S*, Fcc Z® and ke Z", where S*: E— E is the shift
map on E induced by the lattice shift on Z”.

Given ke Z”, set

H, = Z Jr

{(Fec ZmFok}
and define the linear operator L: 2(E) — 2(F) by
Lo= Y e divi(e " V,.¢)

keZ¥

where div, and V, refer, respectively, to the divergence and gradient
operators on the kth Riemann manifold (M, r).
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For a given & # A< Z", define

CasMa)EES,XE > P44 )€E

so that (@ (&, 1 naNa=¢, and (D (&, | n4)) 4e=n,e. In particular, if
B#AccZ”, define g, E,x E,o— R' by

gA(E4 | ng)=exp [’ Z Jro® (841 ”Af)]

FFnA# g

and set

Zana) =] galeal na) K(dE)

We say that ge M,(E) is a Gibbs state for the potential ¥ and write
ge4(s) if, foreach J#Acc= 2,

Nae€E e g4(C4 | 1 4) /IA(dCA)/ZA(’?Af)

is a regular conditional probability distribution on E, of g given %, [i.e.,
for all ¢ € %,

M| o @l 114 8L M) P ML/ Z 400

is the conditional expectation value of ¢ given % ,].

Q= C([0, w0); E) with the topology of uniform convergence on finite
intervals and ./ is the Borel field %, over Q. Given >0, n(1): Q — E is the
evaluation map at time ¢ and 4 =o{n(s):0<s<¢). We say that
Pe M () solves the martingale problem for L at ne E if

(#0100 — 600~ [ Lon(s)) ds. 4, P)
\ 0

is a mean zero martingale for all ¢ € Z(E).

The following theorem summarizes a few of the basic facts about the
situation described above. At least when M is the circle, proofs can be
found in Ref. 9. For general (M, r), proofs have been given in the thesis of
Clemens.®

Theorem 2.1. For each 5 E there is precisely one P, that solves
the martingale problem for L at n. Moreover, the family {P,: e E} forms
a Feller continuous, strong Markov family. Next, set P(z, {, )= Pcon(t)“,



Logarithmic Sobolev Inequalities 1163
(t,0)e[0, 0)xE, and define {P,:1=>0} on A, by PH{)=
{#(n) P(1,{, dn). Then for each A = < Z" there is a continuous map
(t,{)€(0, 0)x E— p,y(t,{,-)e CT(E )"
such that
P (1, L, dn )= pa(t, {,n.0) AN dn 4)

In fact, p,(t,{,n,)>0forall (+t,{,n,)e(0, 0)xExE, and

sup  max sup ILVe Pa5 6 ) 1)1

AMdn ) < oo (2.1)
FEAccZ k  (LDe[81/6]xE Pat, L ny) &

for each de (0, 1]. Also, if pe M(E), then p is {P,: t>0}-invariant (ie.,
p=pP,, t>0)if and only if [ L du=0 for all ¢ € Z(E). Finally, ¥(#) is
a nonempty, compact, convex subset of M (F); ge %(#) if and only if, for
each T>0, te [0, T] > #n(z) and te [0, T] - n(T—1) have the same dis-
tribution under P, = [ p, g(dn) if and only if |, ¢Ly dg = |- Y L¢ dg for all
. W e D(E). In particular, for each ge%(#): {P,:t>0} has a unique
extension as a strongly continuous semigroup {P%:720} of nonnegativity-
preserving self-adjoint contractions on L*(g);

856, §) = im (4~ P, Do =507 (9= Pb Ds  $eL(g)

1>0 !

is a Dirichlet form; and g is an extreme element of 4(.#) if and only if
$=E*[¢] (as.g) whenever ¢ L*(g) and &4(¢, ¢)=0.

One of our aims in this article is to study the long-time asymptotics of
the normalized occupation time functional

1
Lt =7 fo 5”(S) ds
under the measures P,. To begin this program, we introduce Donsker and
Varadhan’s rate function I: M (E) — [0, oo ] given by

(1) = sup {—J%dy, ue 9(E) and u>0}

Clearly, I is lower semicontinuous [ M,(E) is always given the topology of
weak convergence ] and convex. In fact, if A: C(E)}— R' is defined by

-

AV) = lim ~log {sup EPrexp [ [ "Vin(s)) ds}}
0

t—oo nekE
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then (cf. Theorem 7.18 and Corollary 7.19 in Ref. 12 and be warned that J
is used in place of I throughout that reference) A and I are duals of one
another under the Legendre transform:

I(y) = sup “ Vdu—MV): Ve C(E)}, e M, (E) (2.2)

and

MV)=sup {j Vdu—l(u):ueMl(E)}, Ve C(E) (2.3)

From (1.3) and (1.4) it is quite easy (cf. Corollary 7.26 in Ref. 12} to see
that

I(u)=0 if and only if u=pupP, forall =0 (2.4)

and that (cf. Theorem 8.1 in Ref. 12)

— 1
lim ~logsup P,(L,e < —inf I(u) (2.5)
uel

t— oo nek

for all I'e &), In particular, if I" is a closed subset of M,(E) and I" con-
tains no {P,:¢>0}-invariant measure, then

— 1
lim —logsup P (L,el)<0 (2.5")

t— nekE

Although (2.5) and (2.5') are themselves of some interest as they
stand, they have two serious drawbacks. First, (2.5) is incomplete in the
sense that it lacks an accompanying lower bound. Second, I(u) does not
lend itself to easy computation or, for that matter, even easy estimation.
For these reasons, we now introduce Donsker and Varadhan’s other can-
didate for a rate function. Namely, given a ge%(#), define J&(u) for
ue M (E) so that JE(u)= oo if u is not absolutely continuous with respect
to g and

Jep)=&5(f'2 [ if du=fdg

Using elementary properties of Dirichlet forms, one can check that
feL'(g)" — &5(fY2 f*) is lower semicontinuous and convex (cf.
Lemma 7.40 in Ref 12); from which it is clear that pe M,(E)— J&(u) is
convex. On the other hand, it does not follow that pe M (E) - J&(p) is
lower semicontinuous; and this circumstance is the source of the major
obstruction to a general theory based on J£. Nevertheless, there are several
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interesting properties of J£ that do not rely on lower semicontinuity. In
particular, let L# denote the generator of {PZ:¢>0} in L*(g) and define
A&(V) for Ve C(E) by

1 f
1(V)= lim —log E"s exp [ [ vin(s)) ds]}
t— 0 0
Then an equivalent expression for A8(V) is

JE(V) = sup {f VW2 dg + (W, TE) 2(4): ¥ € Dom(I%) and [y 2, = 1}

From this second expression for AZ it is easy to see that A2 is the Legendre
transform of J:

25(V) = sup { [V du—s0): e M«E)} 26)

Unfortunately, unless J# is lower semicontinuous, one cannot invert
(2.6) to conclude that J¢ is the Legendre transform of 12 and hence that
there is an upper bound like (2.5) with 7 replaced by J%. In order to explain
what we can say in this direction, define S?(g), pe[1, «o], to be the set of
pe M (E) such that there exist 7,€[0, co) and Sfr,e L?(g) with the
property that d(uPr,)= fr, dg.

Theorem 2.2. Let ge%(f) be given. If g is extreme in 4(#) and
e S(g), then

lim tlog P(L,el> — inf Ji(m),  I'eBy s (2.7)

t 0 meinfl”

On the other hand, if J¢ is lower semicontinuous and
/lE ﬂpe[l,oo) Sp(g), then

— 1
lim —log P (L,eI')< — inf J&(m), I'e B i) (2.8)
mel

I—

In particular, if geext(%4(#)) and J¢ is lower semicontinuous, then for all
HE () perim) SP(g) and ® e C(M,(E)):

lim 11og EP{exp[td(L,)]}

t—o I

= sup{®(m)—JE&(m): me M,(E)} (2.9)
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Proof. Suppose geext(9(#)). Then, for all g€ L?(g), £5(4, ¢) =0 if
and only if ¢ is m-almost surely constant. Hence, by the same argument as
is used to prove Theorem 8.2 in Ref. 12, (2.7) can be shown to hold for all
ue M, (E) with p< g Thus, if pe S'(g), then there is a Te [0, co) such
that (2.7) holds when u is replaced by p,= pP,. But if 8,: Q — Q denotes
the time shift map, then P, (L,el=P,(L,~0,el') and clearly
L, —L,o0;] ., <2T/t. Hence, if meint I and B is an open neighborhood
of m such that B is a positive variation norm distance from 7, then

1
lim —logP (L,el = lim —logP (L,:0,€B)

I t—> 0

1
= lim —log P, (L€ B)

t— 0

— inf J(B) > —~J(m)
feB

Next, assume that J¢ is lower semicontinuous. Then, by Lemma 8.18
in Ref. 12

— 1
lim —log P (L, eI')< —inf J7'(u)
! pel”

t— o0

Hence, if du = fdg, where fe L?(g), then, by Holder’s inequality,

1
lim —log P(LelN< — mf JE(m)

t— o0 mel

where p’ is the Holder conjugate of p. Now suppose that
HE N periw) S7(g)- Then, for each pe[1, o) there is a T,e [0, o) such
that

1
fim —logP (L,ef)< —— inf J&(m)

1 o0 P meF

By the same reasoning as was used in the preceding paragraph, we can
now conclude that for any ¢>0

lim —logP#(L elN< hm 1pW(L erl™)

t—> o0

1
< —17 1nf JE(m) {2.10)

where
I = {p'|lu—p'lla<e for some pe '}
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Since (2.10) holds for all pe[1, ),

— 1
lim ~log P,(L,e )< — inf J&(m)

t—oo I mel®

for all £>>0, and clearly (2.8) results from this and the lower semicontinuity

of 2. 1

Comparing (2.8) and (2.5), one is inclined to ask whether 7 and J¢ are
not closely related. A partial answer is provided in the work of Donsker
and Varadhan. Namely, one has (cf. Theorem 7.44 in Ref. 12) that

Hp)<Ji(w),  pneM(E) (211)
and that
p)=J&(u), pe M(E) with uP,<g forall t>0 (2.12)

Obviously, if {(as can be the case when v>=3) %(#) has more than one
element, then [{y)=J%(u) must fail for some pe M (E). Indeed, if 4( ¢)
contains more than one element, then so does ext(%(#)). Let g and g’ be
distinct elements of ext(%(#). Then gl g’, and so J&(g')= oo, whereas
I(g')=0.

The difference between [ and J# is, of course, a manifestation of the
weak ergodicity of the processes under consideration. In particular, we do
not even know, in general, that every {P,:¢>0}-invariant measure is a
Gibbs state. As we will now show, one can make effective use of the
function I to study such problems; namely, we use [ to prove that, when
ve {1, 2}, every {P,:t>0}-invariant measure is a Gibbs state. This result
was obtained by us in Ref 9 using the full force of Theorem (2.1; the
present proof is much more elementary [in particular we do not use
relation 2.1)]. In Section 3 we will use similar ideas to show that, when
v=1, there are nontrivial choices of # for which one can show that I=J¢
[when v=1, %(#) contains only one element and so the choice of g is
unambiguous .

In the following, H'(E ;) denotes the Hilbert space obtained by com-
pleting C*(E ) with respect to |- HH,(EA") given by

Hl//H?f(EAn):Hlﬁlliz(%ﬁ Z ”Vk‘/JHiZ(E(An))
keA,

Lemma 2.3. If I(u) < oo, then, for each n >0, du ,, = f, di"", where
fY?e H'(E,). In fact, there is a Be (0, o) such that

) f IVil(exp Hy/2) 1121117 (exp HE) dA™ < 20(u) + B |04,

ked, " Ea,
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for n> 1, where
Hi= z Jr
{FS A Fak}
Proof. Set E,=E,, u,=p,, and A,=1".
Noting that

Lu
wz-[ Zdu,,,

Eniy

for all ue C*(E,) that are strictly positive and taking y = log u, we see that

1wz =Y | IVlPdi,—| Ly du,.

ke, " En Ens+1

for all y e C*(E,). Next define L,: C*(E,) - C”(E,) by

Loy= ) (exp Hy)div,[(exp H}) V4]
keA,
Then, by the preceding,
1w> =2 Y [ IVawl?du,=[ Loy du,

ke, Eyn

+ 3 | (erad I Vey Vi) du, .

ked, " Envtl
>-2 % [ IVl du,—| Ly,
keAd, En En

1 A
—72 [ VA,

kedd,  Enti
where H? = H, — H. Hence, if

L
nt du:ue C*(E,)and u>0}
u

I"() = sup {—j

n

=sup{— ) f lle!l/IIZdu~JE"Ln¢du:tlfeCw(En)}

keAy En

“2sup{=2 § [ Wi du= | L diviec(E,)

keA, n
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for ue M,(E,), then

I"(p,) <2(u) + B |04, (2.13)

where

1 R
B=§ sup sup |V Hin)I?

nzl ny ek,
ked, "

To complete the proof, let {P*: >0} be the diffusion semigroup on

C(E,) determined by L, [ie, P'y—y=[ P'L,yds for t>0 and
Y e C®(E,)] and set

gu(d ;) = exp [— » Jp(m] 1oldn )2,

Fc Ay

where Z,= [, exp(— p 4 JH14,)) A,(dn 4,). Then, since

Lﬁw g, =—Y | (Vid|Viy)d,

keAdy, 2

for all ¢, y € C*(E,), {P7:t>=0} is the diffusion semigroup associated with
the Dirichlet form &, given by

s 0= Y [IVevl? dg,

kedy

for y € H'(E,). Moreover, since L, is elliptic, P? is given by a smooth ker-
nel. Hence, for all pe M (E,) and 1 >0, uP? < g,; and so (cf. Theorem 7.44
in Ref. 12) J*(u)< oo if and only if du=fdg,, where f'>e H'(E,), in
which case J"(u)=&,(f"> f'?). Applying this with u=py,, our result
follows now from Lemma 2.3. ||

Theorem 2.4. If I(u)=0, then, for each n>1, du, = f,dA ™",
where f}?e H'(E ,,) and

Y[ IV et it

ked, | “E

1/2
<B“2|6An|“{ > IIVk(e”"”fi”)lf"'e”kd/lA"“} (2.14)

kedd, “Envi
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In particular, if ve {1, 2}, then every {P,:1>0}-invariant pe M (E) is a
Gibbs state for #, and for all v, every translation-invariant, {P,:¢>0}-
invariant pe M (E) is a Gibbs state for #.

Proof. We continue with the notation used in the proof of
Lemma 2.3.

Observe that (Ref. 9) once (2.14) has been proved, the identification of
{P,: t>0}-invariant measures as Gibbs states is quite easy. Thus, we will
concentrate on the proof of (2.14). As a first step, note that (cf. Remark at
the end of this section), as a consequence of Theorem 2.1, u= uP implies
that du, = f,, d4,, where f, is a strictly positive element of C*(E,) for each
n= 1. Second, as in the proof of Lemma 2.3, I(¢) =0 implies that

03 = T [ [ IVewPdu+ [ e divie Vi du, |

ke A, Enty

for all e C*(E,). Noting that for ke 4, ,
~[ VP~ [ e divie V) du,,
Ey, Eps
= — [ (FPVAILPV=2e BV (H1P) d,
E,

and that for ke dA,

— V[ e divele Vi)

Eyi

= [ WPV,

+2[ UVl RV (e N2 ) dhy

Ent

>~ WPV,

Ep

\Y
—2([ WV da, )
En /

2

12
<[, ez e |
n+1
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we arrive at

S [ v,

kedd, “En

1/2
2 3 [ v,

keoan " En

1/2
<2 f ez e |

keod, “Entl

> [ RV SV 2e MRV ) d

kedp-y Ey
for all yy € C*(E,). In particular, taking ¢ =, = 1e(>. ;. , J+log f,) and
noting that

PV =5 117 (et £

=elexp(—Hy/2)1 Vi {[exp(HY/2)] f1*}

kan)

for ke, and that Hi=H, for ke A, ., the preceding together with
(2.13) yields

D) f IVie{ Lexp(H}/2)1 /)2 }1? exp(— H}) dh, + 2682 |04,| '

keoA,

n+1

Ve { [exp(Hy/2)] £12 11 exp Hk)da,,H)/

kkea/]n £yt

>@2e=2) L | IVi{lexp(Hi2)1 12} exp(—H,) di,

kedy,_ En

(2.15)

After dividing by ¢ and letting ¢ — 0, we obtain (2.14). }

Remark. As mentioned before, Theorem 2.4 was proved in Ref 9
using the estimates in Theorem 2.1, especially (2.1). In the proof given here,
we have used the much simpler fact that P, (1,7, ) admits a smooth,
positive density with respect to A" Actually, we could have avoided using
even this relatively elementary fact. Indeed, the existence of f,,, n= 1, with
fY*eH'(E,) comes from Lemma 23. In addition, a mollification
procedure (cf. Ref. 13) allows one to find, for a given n>1, a sequence
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{W'}2 = M\(E) such that p'—p, I(u')—Ku), dp)s,,=fh, di*e,
where f? _ | is a strictly positive element of C*(E ), and

H(fiﬂ)l/z“f}/il“ H'(E,,H) -0

Hence, we could have arrived at {(2.14) via a limit procedure in which g is
replaced by u/ and / is allowed to become infinite.

3. LOGARITHMIC SOBOLEV INEQUALITIES AND
GIBBS STATES

In this section we give conditions that imply the existence of a
logarithmic Sobolev inequality for some Gibbs states. We then show how a
logarithmic Sobolev inequality allows us to prove that /=J% when v=1
and to obtain an upper bound on —inf, ,J%(u) [and therefore on
Tim,_, ,,(1/¢)log P,(L,eI')] for any v when

r={ueM1<E):j¢du—j¢dg>e}

for some ¢ € C(E) and > 0.
The theorem that gives us a logarithmic Sobolev inequality is the
following.

Theorem 3.1. Let Ric denote the Ricci curvature tensor for (M, r)
and assume that Ric>fr (in the sense of quadratic forms) on
T(M)x T(M) for some Be(0, ). In addition assume that there is a
y: Z" - [0, ) and an 0 <g<1 such that ¥, y(k)< (1 —¢) f and

Y Hess(Jp)(Vi £V, /)]

F={kl}

< X vk=DIV S IV S (3.1)

kleZ

for all k, [eZ’ and fe 9. Then ¥(¢) contains precisely one element g.
Moreover, if

GA,,,r;(dCA )= gA,,(gA [77 ¢ )AA"(dCA")/Z ’7/1‘

for n20 and ne E, then

| 0 108910 1]

B Y [ IV a)I? Gl s, 1) (3.2)
keA,l
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for all ¢ € C*(E,). In particular,

4
&f

Proof. When M =S? and geext(%4(#)), (3.2) and (3.3) are proved
in Ref. 1. Since the general manifold case is exactly the same as when
M = S“ we will restrict our attention here to the proof that ¥(_¢) contains
only one element.

To prove that there is only one element in 4(¢), we will produce a
Markov semigroup {P,:7>0} with the properties that every ge 4(#) is
{P,: t>0}-invariant and

lim sup |Pr¢({)— Pré(n) =0 (3.4)

T— (neE

JE #()? Llog(1$(ON/ 18]l 12)) S E5(0, 4),  deLl?(g)  (33)

for each ¢ € (E). To this end, define L,: C*(E,) » C*(E,) by
L,g= 3 2" div,{[exp(—H})]V,4}
ked,
where

H} = Z Jr

(Fe Ay:F3k)

and denote by {fi’;: t>0} the associated Markov semigroup on C(E,).
Then C*(E,) is {P?: t >0 }-invariant. Moreover, by the same reasoning as
was used in Ref. 1, if

Fi6.9)=351L,0" = 2L 1= T 2 V1
and n
I, $) =3 1,176, )~ 2076, L,9)]
then

139, 9)2efl(g, 4), e C*(E,)
Next, note that for each 7> 0 and ¢ e C*(E,)

d . " A . A .
5 DB, Pr_ 9)=PLI5(Pr_ §, Pr_9),  1e[0,T]

822/46/5-6-25
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Thus,

||F’1’(I3'}¢ < Pnr¢)” cE) S e T I, MM ceen

At the same time, by the mean-value theorem, there is a Ke (0, o), which
is independent of #, such that

sup (O —vmI <KW, ¥ &y ¥ ECT(E)

{neky

Thus, we conclude that

sup |Prg(()— Pro(n)| < Ke T4, )l cis) (3.5)

{inekEy

for all n >0, T>0: and ¢ C*(E,).
Finally, let {P,: >0} be the Markov semigroup on C(E) associated
with L: 2(E) - 2(E) given by

Lo=Y 2Wefkdiv (e™"V,¢)

keZ®

Then every ge 9(#) is {Pti ¢z 0}-invariant (in fact, reversible). Also, for
each T7>0 and ¢ C(E), [Prpony ]on,, — Pr¢ uniformly on E. Hence,
by (3.5), (3.4) holds for each ¢ Z(E). |

Note that Theorem 3.1 applies only to manifolds with a nonzero Ricci
curvature. For example, it applies to S?, where the Ricci curvature equals
the usual metric. Thus, in this case, if the interaction is

B(x;-x,) if F={ij} with [i—j]=1
0 otherwise

JF(X)Z{

then for < 1/(4v) this process (the stochastic Heisenberg model) has a
unique stationary measure, and that stationary measure, which is
necessarily a Gibbs state, satisfies a logarithmic Sobolev inequality.

Our next goal is to show that if g e ¥( #) satisfies (L.S.), then J£ can
sometimes be used in place of I to estimate im,_, (1/¢) log P(L,eI'). We
begin by showing that, when v=1, (L.S.) implies that I actually coincides
with J¢ [recall that, when v= 1, there is only one g€ %(#)]. We know of
no nontrivial examples in which /= J2 when v > 2; and we cannot rule out
the possibility that I=J% whenever |%4(#)/=1, or at least whenever
|%(#) =1 and the unique g € %(#) satisfies (L.S.).

We begin with the following lemma.
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Lemma 3.2. Assume that g is the only element of 4( ¢) and that g
satisfies (3.2). Let u=p,, n>1, where peM,(L2), and assume that
du™ = f, di", where

sup Y [ e V(e )2 di < o0

n ked,_y
Then pu < g.

Proof. Let g,(-|n) be the conditional density of g on 4, ., given
ne E . Then denoting ¢B/4 by o and applying (3.2), we have

S (e vien i) a

1/2 12
= ¥ |&dln “ (f"(i ";) dt dn
fn(Cln Flln
OC.H g.(C1n) <gn(c|n ) 1) 8.l 1n) dl dn (3.6)

Let 4,( j Soa,(n) 8.(CIn)dn. Then by Jensen’s inequality applied to
xlog x and the dy 1ntegral we bound the right side of (2.8) below by

fn—-l(C)
R (L)

Slls,)
B ala)

for m<n— 1. Here we have applied Jensen’s inequality again, this time to
the variables {, . , . Note that (4,), — g4, as n— oo by the uniqueness of
the Gibbs state. Thus,

supf-['—”—lo (f'”>gAdeAm<oo

m g/lm A

x L fu_1(0)log 4,

>4 [ ful(Ca,) 108 d s, (3.7)

Therefore {f,/g4,:n>1} is uniformly integrable with respect to g, and
hence u<g. |

Since |04,| does not depend on n if v=1, from Lemma 2.3, (2.11),
(2.12), Lemma 3.2, and (2.5) we obtain the following theorem.

Theorem 3.3. If v=1 and (3.2) holds, then there is precisely one
ge%( ) and I=J&. In particular, in this case we have that

1
lim ——log[sup Py(L,elN]< —infJg (3.8)
r

t— o neE
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for all closed I'< M,(£2) and that

lim —log[P (L,el] = —infJ2 (3.9)
{5 o r
for all open I'c M () and all ue S'(g).

When v =2 and (L.S.) holds, we can still give an upper bound in terms
of J&.
Theorem 3.4. Let ge%(#) and assume that g satisfies (L.S.). Then

J¢ is lower semicontinuous and AM,;(2) and Upelw] Sr(g)c
N e .00y SP(g)- In particular,

lim —log[P (L,el]= —infJ¢ (3.10)
r

t—

for all pel,. .07 5°(g)

Proof. To prove that J& is lower semicontinuous, suppose that
U, — u in M () and that sup, J&(u,)<ooc. Then, du,= f dg, where
EE(f12, f12) = J&(u,) is bounded. Hence, by (L.S.), | 1, log(f,,) dg is boun-
ded and so {f,} is uniformly g-integrable. But this means that du= fdg
and that f, — fin L'(g). In particular,

JE(u)=E4(f1/2, f?)< lim €5(f,2, £}/ = lim J¥(u,)

n— H— o

To see that S7(2)S (), e SU(g) for all pe(l,00), it suffices to
check that L”(g) < S%(g) for all 1 < p < g < co. But, by Gross’s theorem (cf.
Theorem 9.10 in Ref. 12)

—1
q < eZ/ott I

P, =1 for o1

Given ge 9( #), set

r§(¢)={ueMl(m:jqﬁdu—Mdg%}

for g€ C(E) and ¢>0. We conclude this section by showing that when g
satisfies (L.S.), then

rl*gnf JE< —¢*/[aB(4)], &>0 (3.11)
@

where B(#)e (0, o0) is a certain number, which depends on ¢ alone.
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The first step in the derivation of (3.11) is the simple observation that
(L.S.) implies that

—infJE< —linf{fflog(f) dg:fdgef} (3.12)
r o

The second step is taken in the following lemma.

Lemma 3.5. Let (2, %, u) be a probability space and let ¢ be a
bounded, continuous, real-valued function on © such that
fo #(x) u(dx) =0. Define

®(a) = j ™) 1(dx)
Then for all £>0,
inf{ff(x) log f(x) (dx): 20, [ f(x) p(dx)=1, and
[ #0010 ) >
> sup [ae—log D(a)]

Proof. By a theorem of Sanov (see Lemma 3.38 in Ref. 12), for each
/>0 such that [ f(x) u(dx)=1, we have

J 705) o 105) tas) =sup | [ ) 703) ) o | [ 4 )|}
v
(3.13)

where the supremum over y is over all bounded, measurable functions .
Letting y be of the form (x) = ag(x), we see that

[ 700 Tog £(x) wx)

> sup { [ ap(x) s i) — tog U £ u(dx)]} (3.14)

Note that | ¢(x) u(dx) =0 implies that log[ | e**™ u(dx)] >0 for all a.
Thus, if in addition [ f(x) ¢(x) u(dx) >e, then we have

J £ty 108 £ uta) > sup {as “log [ [[esseo u(dx)J} 1 G15)
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Let ¢ be a bounded, continuous function with jqﬁ(x) g(dx)=0. We
denote log[ | e“’™ g(dx)] by F(a).

Corollary 3.6. If (LS.) holds and if "= {u:|d(x)pu(dx)=e},
£>0, then

- infr Je(u) < —(1/a) sup [ae — F(a)] (3.16)

Proof. This follows immediately from (3.12) and Lemma 3.5. §

We now let K(g)=sup, [ae — F(a)]. Since F(0)=0 and F'(0)=0 and
F(a)=0 for all a, we have K(0)=0 and K(¢) >0 for all ¢>0. Note that if
G(x) = F(x) for all x>0, then

K(g)=sup [ea— F(a)] =zsup [ea— G(a)] 3.17)

az0 az0

Since F(0)=F'(0)=0 and Fl(a)<a|¢l . for all a, there is a constant,
B, < o0, such that F(a) < B,a® for all a>0. Thus, by (3.17), K(¢) > ¢°/4B,
for all ¢ >0 and thus

— inf J&(p) < —&*/4aB, (3.18)
nel

The constant 4aB, in (3.18) is probably not optimal, but in the case
where the J.=0 for all F (ie, there is no interaction) one sees that
inf,. - J&(u) is asymptotically a constant times ¢ as ¢ goes to zero. Thus,
(3.18) is qualitatively correct.

We collect a few of the above observations together for easy reference
in the next two sections.

Lemma 3.7. Let ¢ be a bounded, continuous function such that
| ¢(x) g(dx)=0. Then for all />0 such that | f(x) g(dx)=1,

1/2
jqﬁ(x)f(x) g(dx)QZB[jf(x)logf(x) g(dx)] (3.19)
for any B such that log[{ e g(dx)] < B%a* for all a.

Proof. Let ¢={¢(x) f(x) g(dx). If £¢<0, then (3.19) is immediate.
Otherwise, from Lemma 3.5 we have

| 70x)10g f(x) gldx) > K() > 648> 1
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4. FREE ENERGY

In this section the potential # and all probability measures on Z” that
occur are assumed to be translation-invariant.

The point of this section is to show that if (3.1) holds (and hence the
unique Gibbs state admits a logarithmic Sobolev inequality), then, starting
from translation-invariant initial states, the corresponding stochastic Ising
model converges exponentially fast to equilibrium.

Our main tool in this and the following section is the Helmholtz free
energy. In order to take advantage of the translation invariance of the
initial distribution, we work with the specific Helmholtz free energy (ie.,
the energy per lattice site) in this section. In the next section we will be
concerned with one large but finite cube at a time, and hence in that sec-
tion we will not need to divide the free energy by the volume of the cube in
order to keep the quantities with which we are dealing finite.

The free energy in a cube A at time ¢ is defined as follows. Let p, be
any initial distribution and let x4’ denote the marginal distribution on M~
of poP,. If G(d¢) is the marginal of the [unique if (3.1) holds] Gibbs
state, then by Theorem 2.1, u¥<G'Y for all t>0. We denote
AuM/d(G") by [, The free energy of u, on A is defined to be

| 1) 10gLF(E)] 6(de) (4.1

and the specific free energy of u, is given by
lim |4] "J (&) log[ f10(€)] G(dE) (4.2)
A—-2Z M4

If u, is translation-invariant, then g, is also translation-invariant and hence
the limit in (4.2) exists (possibly + oo} by Theorem 7.2.7 in Ref. 11.
We need the following two facts.

I. There is a constant C < oo such that for all finite cubes A4 and all
nitial distributions p,

JPMA (&) log[ £19($)] G(dE) < C 14| (4.3)

II. For all >0 and all re[§,5 '] there is a constant, C(8) < o0,
such that for all cubes 4, /) and log /) are in the domain of L and

d
= [ 1) logL£4(6)1 G(a)

~

< | S¥E) Lllog £1(6)] G0(dE) + |04 C(9) (44)
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where 4 = {ke Z": dist(k, A) < R} and 84 = A\ 4. Fact I follows from (2.1)
just as Theorem 4.14 follows from Theorem 3.9 in Ref. 9. For Fact II see
(4.21) and Lemma 4.22 of Ref. 9.

Lemma 4.1. If (L.S.) holds, then for any initial distribution g, and
any cube 4 and all 1>0

[ 798 Lllog £(2)1 g(dt)

< _gjngm log (&) g(de) (4.5)

Proof. Let L% be the generator of the semigroup {P#:r>0} in
Theorem 2.1. Then, for ¢, e Dom(L#)

—[g9Loy dg=2(p, )
where

1
XY =4 L5+ Y, ¢+ V) — 65—V, ¢ —¥)]

and &% is described in  Theorem 2.1. Next, set m/(déxdy)=
P(t, &, dn) g(dE), where P(t, &, +) is the transition probability function in
Theorem 2.1. Then (cf. Lemma 7.38 in Ref. 12)

1
£5(9, ¥) = lim = [ [4(1) = () ILW(n) ~ ¥(E)] m (e, diy)

Hence, applying (L.S.) to ()2 we will prove (4.5) once we show that
(a—b)log a—logb) > 4Ha'* —b'?)?
for all a, 56> 0. Equivalently, we must show that
(x—1)log x = 4(x'*—1)?
for all x>0. But xe(0,0)—(x—1)logx—4(x"2—1)? is a convex
function whose minimum occurs at x=1. ||
Lemma 4.2. If (L.S.) holds, then for all 6 >0 and all te[4§,57'],

d
= [ £10(&) logLy (&)1 G (de)

<~ 2 ) logLf(0)] g V(dE) + C3) 104] (46)
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Proof. This follows immediately from (4.4) and Lemma 4.1. |
Note that by (4.3) and Lemma 4.2 for all re[1,6 '],

[ 7y toglr ()1 G(ae)
< e W=D AL 4+ LaC(6) |04] 4.7)
Lemma 4.3. If ge%(¢#), and (LS.) holds for g, then for ali
¢ € Z(E) there is a constant 4 = A(¢, #, «) and an ¢=¢(#, a) such that

l‘r (¢°Sk)(¢05j)dg—f¢05kdgj¢oS~’dg| < Ae ek~

Proof. (L.S.) implies that there is a gap of length at least 2/ between
0 and the rest of the spectrum of L on L*(g) (see Ref. 10). The rest follows
just as in the proof of Theorem 2.18 in Ref. 8. |}

Lemma 4.4. Assume that # satisfies (3.1). Let g be the unique
element of %(,#) and ¢ € Z(E) with | ¢ dm=0. Define

F (a)=log U exp (a%qﬂoS") dg]

where the summation is over all k such that ¢ .S*e 2 (A). Then there is a
constant 4 < oo and a é > 0 such that for all |a] < and all cubes A

dZ

2 <44 (4.8)

Proof. Let A be fixed and suppress it from the notation. Differen-
tiating F twice, we have

F'(a)= {j (%:(/505")2 exp (agqﬂoSf) ngexp (a;gbon) dg
[gereleses)al
erxp<ajZ¢oSf) dg]_z (49)

Now let #(a, A)= ¢ U {ag- S’ jsuch that ¢oS’e D(A)}. Thatis, #(a, A)
consists of the elements of ¢ together with all translates of a¢ that are
measurable inside A. If ¢ satisfies (3.1), then there is a 6 > 0 such that for



1182 Holley and Stroock

all |a| <8, #(a, A) also satisfies (3.1) with ¢ replaced by &/2. Assume that
|a| is less than this § and let the unique element in #(a, 4) be denoted by
g.. Then note that (4.9) is equivalent to

ra=((pes) a(zesa)
=§§U (b>59(6- 5" dg. ([ 45" dga>( [4o5 d&)] (4.10)

Thus, by Theorem 3.3, (L.S.) holds with an « that may be taken indepen-
dently of a for |a| < . The lemma now follows from the mixing property of
Lemma 4.3. |}

Theorem 4.5, Let ¢ satisfy (3.1) and denote 4/¢f [see (3.2)] by a.
Let 4(#)={g}. Then, for all € Z(E) with j(;ﬁ dg =0, there is a constant
B, such that for all translation-invariant initial states u,

fcb(é)u,(dé)qu,e—‘Z/“” (4.11)

Proof. Fix a finite cube 4 and note that by translation invariance

[ 9 nide)=1417" T [ 4o 55 114+ 40&) g(de)
ked
where A, is such that ¢ e C(E) and f{** 9 is as in the first part of this
section. Then, by (3.19) and (4.7), for any §>0 and all ze[1,07'], we
have

J¢(€) pAdE) <2B (e~ WNIC | A+ A] +3aC(0) | 6( Ao + D)} (4.12)

where B, satisfies F,, 4 (a/|4])<B%a’ for all a>0, and F,, 4 is as in
Lemma 44. Note that since F,,,(0)=0 and F,, ,(0)=
(YieadeoS dg=0 and F,, ,(a)<al|A| |4, for all a, the existence of
such a B, is guaranteed by Lemma 4.8. Moreover, again by Lemma 4.8,
we see that there is a constant B, < co such that B < B3/| 4| for all cubes
A. Substituting this into (4.12), we have

J (&) u(dE) <2By{e W =NC | A+ Aol/|A] + 50 C(3) [0(A + Ao)l/ 4]}
(4.13)

for all finite cubes A. Letting A — Z” and noting that |4 + 4,|/|4]| — 1 and
that |6(A + A,)/|A] — 0, we have the desired result. §
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Remark. Notice that 2/a is the estimate for the gap in the spectrum
of L predicted by (L.S.). What we have shown is that, at least when p, is
shift-invariant, 2/o is a lower bound on the exponential rate at which
{ ¢ du, approaches | ¢ dg when ¢ € Z(E).

5. MORE FREE ENERGY

In this section we weaken the logarithmic Sobolev hypothesis and
replace it with a strong mixing condition on the Gibbs state. We then
derive a rate of convergence that is slower than exponential. How much
slower depends on how much the logarithmic Sobolev hypothesis has been
weakened. The method used here has the advantage that it works for any
initial distributions, not only translation-invariant ones.

For A< =2, recall the functions @ ,: E x E ;. and g ,: E ;- — (0, )
introduced in Section 2 and define G ,, € M/(E) by

[ 16 Ganlde) = [ 1o DE a1 a) 8 10.4) AHAE N Z 40010

for ne E and fe C(E). Also define y(A) to be the smallest number y such
that

S (4
1 —
| r@og 2o Gl )
<= [JOLAQ) Gald),  feCH(E) (5.1)

for all ne E.

Lemma 5.1. Foreach A< <2’ y(4)< 0.

Proof. Observe that (5.1) is equivalent to

LG der<y [ T IO Gyl

Hf”il(GA,,,) ked

[ 7210

Also, for any probability measure m and any f € L*(m)

44
1S 1 Z20m)

= inf | [/*(8)log /() —/*(§) log x— f*(£) + x] mi(dk)

[ERGL m(dZ)
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and for each x> 0 the integrand on the right side of the above equation is
nonnegative. Also, if the left side in the above equality is finite, then the
infimum on the right side is achieved when x = | /(&) m(d¢). Hence, one
easily checks that for any probability measures m and u with m << g,

fz(é) ) f?.(é)
170 MEACES s

J rrertop T mia < | G
u

Thus, since g , is bounded above and below by positive constants, we need
only check that
2
| Pt <y [ X w2

||f” 22(1/1) EdA kea

for some y < co. But, because logarithmic Sobolev inequalities are presei-
ved under tensor products (cf. Ref. 4 or Lemma 9.13 in Ref 12), the
preceding will follow once we show that

&)
Hf”il(z)

That a logarithmic Sobolev inequality holds for the Brownian motion
on a connected compact manifold was first observed by Rothaus."'” For
the sake of completeness, we sketch a proof here. By standard elliptic
theory, the heat flow semigroup e’# admits a smooth density ¢(¢, x, y) that,
for each >0, is uniformly positive. In particular, e? is a Hilbert-Schmit
operator on L*(M), and therefore 0 is the only possible accumulation point
of its spectrum. In addition, 1 is its largest eigenvalue and, because
g(1, x, y) is uniformly positive, it is clear that 1 is a simple eigenvalue.
From these considerations, we see that

JMfz(é)IOg i(df)@/fMHVf(f)HZ/i(dé), feC*(M) (51

e ¥ =20
L2(2)

e"’f—jfdl

<Hf—jfd/1

L22)

for some £>0 and all fe L*(1). At the same time, because g(1, x, y) is
bounded, it is clear that [le?f | 45, < C || f ] 12, for some C < co. Hence, by
a simple argument, due to Glemm,® there is a T>1 such that
le™f |l 2y < IS | 122y But (cf. p. 181 in Ref. 12) [le” || 125, . 14y = | implies
(5.1") with y=4T. |

The point of this section is that we will not require that
{y(A): A=<= Z"} be bounded as we did in the previous section, but only
that y(A4) not grow too rapidly as A-»Z". To compensate for this
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relaxation of the logarithmic Sobolev hypothesis, we need the following
mixing conditions.

Mixing condition. There is a 6 > 0 such that for all finite 4, and all
that are bounded and %, " measurable, there is a constant 4, , such that
for all e E and all 4> 4,

U 10 G @)= [ 1) g(dé)‘ <A, yexpl —6 dist(do, 41 (52)

where g is the unique [because of (5.2)] element in 4(,#).
Given Acc Z” and yekE, let {P*":1>0} denote the Markov
semigroup on C(E) such that

!
Pif—f= j PATLAS s 120
0
where

1
L&) = 2 divilga&alna) Vi f1oP(E 411 40)

A& 411 4 ked

for fe Z(E). It is an easy matter to check that G,, is {P/":1>0}-
reversible.

If M were a finite set, the proof of the next lemma could be found in
Ref. 7. The changes needed in that proof to cover the present situation are
purely notational. In particular, if one replaces 4, there by V,, the proof
goes through nearly word for word.

Lemma 5.2. There is a constant ¢ < oo such that for all finite 4,
and all fe C3(E,,) there is a constant 4, , such that for all ne E

(CI)N+2
(N+2)!

|P, f(n) = P ()] < A, pe!

where N = [dist(4,, 4°)/R].
Theorem 5.3. Assume that the above mixing condition holds for
some 6 > 0. In addition, assume that there are ye (0, o0), 6 € [0, 1/v), and

1€ [0, 00) such that

WA)<y |4]° (log [4])° (5.3)
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for all cubes A == Z". Then there is an &> 0 such that for all initial dis-
tributions y, and ¢ € Y(E)

[ [ 6(5) g(dé)~J¢(é)u,(dé){ < B(g) exp [—s(—l’og—t)] 22 (54)

where B(¢)e (0, o).

Proof. Let ¢e C3(E). If A, has side length /, let A(z) be the cube
with side length /+ 8cR¢ and having the same center as 4,. Here ¢ is as in
Lemma 5.2. Then

Pg(n) = [ 4(6) ede)| <1y~ 1790

+

PO~ [ H0) G 0 (d2)

B j [ 626 0@)~ [ 0(¢) g(dr:)} (5.5)

The first term on the right side of (4.9) is bounded by

. (ct}4ct+2 e 47t .
A2,¢€ tm<A2!¢ e Z <A2,¢€ 1/2

By the above mixing condition the third term on the right side of (5.5) is
bounded by 4, ;e **'. Thus, we need only bound the second term. To do
that we return to the free energy considerations of the previous section.
First, note that if

Fia)=tog { [ xp | a4(6) = [ 4(0) G a (00) | Gl }

then F,(a)=0=F/0) and F/(a)<4|¢|? for all a. Thus, for all a=0,
F(a)<2||¢]3 @’ and by (3.19)

PrOng(n) — [ 4(2) GA(”,,,(de:)\

1/2
<274l Uff(”(é) log £7(¢) GA(,m(dé)] (36)

where f£0(-) = dufO(-}/dG 41, (-) and p®=(PAOM)* 5,(-). Now, by
(4.3) we have

fff”’(i) log f{(E) G 4x(dE) < C 1 A(1)] (5.7)
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Also, by a straightforward computation (see Ref. 9) and Lemma 4.1

d
[ £20(E) log F1(E) G a.(dE)

= [ £10(&) L1 1og £10(E) G g,,()

4
2(A(2))

SEOE) log f1AE) G 4),4(dE) (5.8)
Thus,

[ 7208)10g £10(8) G 401(d)

< ClA(n)] exp[ =4z — 1)/y(4(1))]
C(l + 8cRe)” exp{ —4(t — 1)/3(I + 8cRt)* [log(l+ 8¢cRt)’ 1"}

<
< Byexp[ —et' ~/(log 1)"] (5.9)

for some B, < oo that depends on ¢ only through /, and some ¢ >0 that
does not depend on /, and all r>2. |

6. ONE DIMENSION

In this section we show that, in one dimension, the hypotheses of
Theorem 5.3, with 6 =0 and 7= 1, are satisfied for all finite-range, trans-
lation-invariant potentials #.

The first hypothesis is (5.2). That this holds for Gibbs states with
finite-range interaction in one dimension is well known. It can be proved
by considering intervals whose length is the length of the interaction and
noting that the conditional Gibbs state G, ,(-) is just a Markov chain con-
ditioned to have specific values at both ends of an interval of length |A|/L
Moreover, the state space of this Markov chain is compact and the trans-
lation function is uniformly positive. (See the discussion of one-dimensional
systems in Ref. 11 for the basic ideas.)

It is considerably more work to check that y(A4)<ylog 4| for some
y < 00. We begin with the following lemma.

Lemma 6.1. Let A,=[—R/2, R/2]. There is a constant y, such
that if 4 is any interval containing 4, and # € E, then for all f € C5(E)

[ £7) 108 120 Gand) <10 T [ IV AN Gay(d)

ke Ay

+ [ 2(0) Gl log [ £2) Guplde)  (61)
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Proof. Note that for any 4> 4, and any ne E the marginal dis-
tribution of G, on M has a density with respect to A* that is bounded
away from infinity and zero uniformly in A and 5. The rest of the proof is
just a in Lemma 5.1. |

Our next step is to prove that there is some number ¢ >0 such that for
all A and all 4, L*" acting on L*G 4,(*)) has a gap of length at least ¢
between O and the rest of its spectrum. We do this by first introducing a
jump process for which this result has already been proved.

For fe 9(E) let

Q=3[ 1P (01003~ F1)] G ey(do)

k
{2 generates a positive contraction semigroup (S,: 120} on C(E) and Q is
self-adjoint on L*(g).*’ Moreover,*®

[ 10y 2 (n) stn)
= ——Z | {j [/ ®gy(0 10 ey) - f(n)]G{k},nwa)} gldn)  (62)

The following lemma can be proved by merely changing the notation in the
proof of Theorem 0.4 of Ref. 6.

Lemma 6.2. There is an &, > 0 such that for all fe L*(g),
[ 10 210 stde) a0 [ | @) -] 10 stan | e (63

Lemma 6.3. There is an ¢, >0 such that if fe CY(E) for some
finite A, then

¥ [ 1V r@ st >, | 761 [ ron sten | ety (64

k
Proof. To simplify the notation, we make the following convention.
For ke Z’, ne E, and w e M we write n,w for the element of E that is equal
to n at all sites except & and is equal to w at k. Thus, instead of writing

So@(w|n ) we write simply f(n,w).
Now, by (6.2) and (6.3)

% [{], U000 =11 Gy} gtam

k

> o f [ 160)- [ 100 stan | stat) (65)
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But

I Do) 6.4, td} stan
- ﬁM [f(”"w)_JM Seo) G{k},n(dff)]z G (y.a(de) gldn)

< HM [f (ﬂkw)—fo(nka)i(da)] Mdw) gldn)
erlgx i @11 ey )/ Z (1 (M (1eye) (6.6)

Now the Laplace-Beltrami operator on the compact manifold M has a gap
at 0 in its spectrum (cf. the proof of Lemma 5.1). Thus, there is an &, >0
such that

JM [f(ﬂkcu) - JM S(neo) l(do)jlz Mdw)

1
< = =[ f:0)divV, f(1e0) ildo)

- = [ IV S o)

Substituting this into the right side of (6.6) and using translation
invariance, we have

4], L)) Gt} st

1 c VA .
~ max g(k}(w|f{k})max {k}(f{k})

<
€y ol Z{k}(é{k}‘) 25 g{k}(w|£{k}”)

< [[ 1V f010)1? G oy o(do) g(dy) (6.7)
M

The lemma follows from (6.5) and (6.7). |}

Lemma 6.4. There is an £ > 0 such that for ali intervals 4, all ne E,
and all fe CP(E),

Y [ IV f0))1? Gy (do)

keA

> 2 | A0) - [ 1(0) G i) | 6,1yt (68)

822/46/5-6-26
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Proof. Note that since [0A4] is independent of A4 in one dimension,
there is a constant «>0 such that for all 5 and all 4e4,,
lja>G ,,(A)/g(A) =« Thus, the left side of (6.8) is bounded below by

2 Y, [ 1V f(0)I* gldo)

ked

> ae, [ ) [ f(0) st | st
> o2, | [f(o)— [ f(@) g(dw)T G 1,(do)

>e [f(a)— [ (@) GA,,,(dw)] G .,(do) (69)

where e=a’¢,. |

Lemma 6.5. Let g be a one-dimensional Gibbs state whose range
of interaction is R and let y(A) be as in Section 5. Then there is a constant
ko < 00 such that for all /,, [, =1

1 1
[ -trnede))
< / 1R lR 1 1R IIR / +k
s47Y 175 R s K- VV'2‘+,§+2 0

(6.10)

Proof. First note that if A4 is an interval, then y(4) depends only on
|A]. Therefore we write y(/) instead of y(A4) when 4 is an interval contain-
ing / integers.

Now let Ay=[—-{—3iR, —iR-1], 4,=[-1iR/iR], and
As=[3R+1, 4R+ 1,] and set A=A, uA,uA;. If e M* and w;e M*,
we write 6 =, w,w; to mean a(k)=w k) f ke A, If w,e M* and neE,
we will let yow, denote the configuration that is equal to # off of 4, and
equal to w, on 4,. We denote the conditional distribution of g given
Beo, 4, BY G,,(+) and note that since [A4,] =R, Gppy =G 4, 100 X G 3y I
AeB,,, we denote G ,,(4) by g{(A4]|n).

Let f'e C. By conditioning on #,,, we have

Hawy

[ £3(0) 108 12(0) G 1,,(do)

= |[ (@, 0,0,) log (0, 0,0,) G,,,,(do, dars) g (ders | 1)

(6.11)
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Thus, by first factoring G,,,(+) and then applying Lemma 9.13 in Ref. 12,
we bound the right side of (6.11) above by

[ vl T [ 1V /(0002017 6 sy yonld2)) G s ol drs)

kedAjuAs

+ F*(nw,) log F*(nw,)} g5 (dw,|n) (6.12)

where

Fz(ﬂwz) = H fz(w1w2w3) G.Al,r]wz(dwl) GA;,qwz(dw3)

By applying Lemma 6.1 to the part of (6.12) that involves F?, we may
bound (6.12) above by

D)V ] Y [IVef(0)IP Gayldo)

keAdjw Az

+90 Y [ IVeFo)|? g4 (des,)

ked;

+ [ 10) G 1, (do) log [ [ fz(o—)GA,,,(da)J (6.13)

Denote dG,,,/dA"'~" by g,,, and concentrate on the second term in
(6.13). For any ke A,

IViF(nw,))*
H 2f(wy003) V, flw,0,w;) quz(dwl dws)
H 2F(nw,)
ﬂf (01 003) Vi ey (@1 03) AN (de y dos)| 2
2F(nw,)

2 [ 1V fl010:0)1 G fde, dey)

H ﬂfz(ahwzah Vi &ro(@05) AN Bldw, dos) |2
F(nw,)

(6.14)

Now

[ Vicrunldeo, doos) 114 (des, deo;) =V, 1 =0



1192 Holley and Stroock

Thus, for any number W,

2

H C01(‘)20’3)Vk gr,wz(wla)ﬂ/{AIUAS(dwl dws)

kgr]mz( W, ®;)
gnwz(w (,03)
k gncoz(wl (1)3)

ngz(w1w3)

H [/ wy005)— W B (105) 11 {der, doos)

2

+20 [[ [ f(@,0,0,)- W] Fronl,03) 1 (des o)

<2V, 108 Zpun(@,02)1% [ Lf(010,03) = W] G,y dos, dooy)
+ 4W2 J.J‘ ||Vk 10g ngz(wla)3)|‘ Gﬂw2(dw1 dw3)

x [ Lfw1020:) = WT? Gldor, dooy) (6.15)

Setting
w=|[ flo,0,0,) Gl dos)

and noting that [V, log g,,,(w,®,)|l is bounded uniformly in all of its
variables, we see that the second term on the right side of (6.14) is bounded

by .
KW || [f(@,0,03) = W) G y(dor, dors)

for some finite constant K,, which is independent of /,, /5, 5, and k. Since
W? < F*(yw,), upon substituting this into (6.14) and then substituting the
resulting inequality into (6.13), we have

[ 720108 £(9) G 1 ,(d)

SO VILT Y [IVif(0)1? Gayldo)

keAru Az
+90 [ 1V f0)) Goyldo)
th Y]] LA 0.0 = W1 G (dor, doos) g4(der? )
kedy

(6.16)
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Since G, = G 4, 4oy X G 4500 WE apply Lemma 6.3 to the tensor product
LA(G 4,.10,) @ L*(G 4, 0,) to conclude that the last term on the right side of
(6.16) is bounded by

K= T % (19, £(0,0:00) Gy fdor, doss) g (d,)

&y kedy je Ay A3
=Kilde™ Y [19,/(0)1 G, (do)
JeAw A3

Thus the lemma is proved with kq=y, v [K,Re; '] |

Theorem 6.6. Let g be a one-dimensional Gibbs state with finite-
range potential, and let y(|4|) be as in Section 5. Then there is a constant 7
such that y(A) <y log (4] for all |4] = 2.

Proof. By induction on { it is easily seen from Lemma 6.5 that if
(2~ 1) R<m< (2"t —1) R, then
y(m) <7+ ik (6.17)

where j=max, ., x7({). Also, if Q2'~1)R<m<(2"'—1)R, then
log R+ (i— 1) log 2 <log m. Thus,
7(m) — 7+ ik kg

lim <1 =
mgnoologm ml};noologR‘{‘(l“—l)lng log 2

and hence there is a constant y < co such that

ym)<ylogm forall m>=2 |
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